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A rectangular cell of known boundary conditions is cut out from a medium containing the doubly periodic array of
inclusions. The stress and strain relationship of the rectangular cell is obtained by using the classical boundary element
methods. By matching the boundary condition requirements, the eﬀective elastic properties of the doubly periodic array
of inclusions can then be calculated. Numerical examples from the sub-domain boundary element method and the single
domain boundary element method are compared and discussed. However, the present method cannot be readily extended
to domains having circular or curved boundary parts.
 2006 Elsevier Ltd. All rights reserved.
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For media containing inclusions of various shapes, it is very diﬃcult to obtain closed form solutions by the
analytical methods, or an approximation by the numerical methods such as the ﬁnite element method and the
boundary element method. Therefore, the simpliﬁed model (e.g. the regular distribution of multiple inclusions)
has to be assumed so that a solution to the problems can be obtained using analytical or numerical methods.
The application of Fourier series expansion method in doubly periodic inclusion problems can be found in the
references, e.g. Nemat-Nasser and Hori (1999). However, it is not easy to determine the Fourier coeﬃcient of
the eigenstrain within periodic inclusions. The equivalent inclusion method (Eshelby, 1957) together with the
results from doubly quasi-periodic Riemann boundary value problems (Lu, 1993) has been used to solve the
doubly periodic cylindrical inclusion under longitudinal shear (Jiang et al., 2004). For other loading cases, e.g.
tension, the implementation of their method might be quite complicated. The eigenfunction expansion varia-
tional method (Chen, 1983) was adopted to investigate doubly periodic circular holes in inﬁnite plane (Chen
and Lee, 2002). Nevertheless, it is still rather diﬃcult to solve doubly periodic inclusion problems as all the
above methods only tackle the inclusions of simple geometric shapes.0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.04.009
E-mail address: chunyingdong@yahoo.com
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doubly periodic array of inclusions. The boundary condition on the rectangular cell is available for two load-
ing systems, i.e. the tension and the in-plane shear. Thus, stress and displacement responses can be obtained
using the sub-domain boundary element method and the single domain boundary element method. Based on
these results, the elastic properties of the equivalent orthotropic medium can be achieved. The novelty of this
paper is to combine the boundary element method and the rectangular cell model cut from a medium (Chen
and Lee, 2002; Dong and Lee, 2005a) for a solution to the doubly periodic inclusion problems. The author is
of the view that it might be diﬃcult for the proposed method to be applied in a medium having circular or
curved boundary parts. The reason is that the boundary conditions over these curved boundaries would be
more complex.
2. Computational models
Fig. 1(a) shows a doubly periodic array of inclusions in an inﬁnite plane medium subject to remote tension
and in-plane shear forces. The geometry and the boundary conditions of two rectangular cells correspondingτ21
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Fig. 1. (a) Doubly periodic inclusion problems; (b) rectangular cell containing single inclusion and its boundary condition for tension
loading; (c) rectangular cell containing single inclusion and its boundary condition for shear force.
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tively the edge lengths of the rectangular cells along directions x1 and x2.
Similar to 2D circular hole problems (Chen and Lee, 2002) and crack and rigid-line-inclusion problems
(Dong and Lee, 2005a), the model as shown in Fig. 1(b) can be decomposed into two sub-models as shown
in Fig. 2(a) and (b), each of which can be solved using the boundary element method presented in the next
section. The equilibrium relationship of a cell of doubly periodic inclusion medium subject to a remote loading
p along x2 direction can be written asuh2
Z l
l
t2ð2ðaÞÞðx1; hÞdx1 þ ul1
Z l
l
t2ð2ðbÞÞðx1; hÞdx1 ¼ 2lp ð1aÞ
uh2
Z h
h
t1ð2ðaÞÞðl; x2Þdx2 þ ul1
Z h
h
t1ð2ðbÞÞðl; x2Þdx2 ¼ 0 ð1bÞwhere ul1 and uh2 are respectively the displacements on the boundary x1 = l along direction x1 and on the
boundary x2 = h along direction x2. t1(2(a)) and t1(2(b)) are the traction components on the boundary x1 = l
along direction x1 produced by sub-problems (2a) and (2b), respectively. t2(2(a)) and t2(2(b)) are the traction
components on the boundary x2 = h along direction x2 produced by sub-problems (2a) and (2b). The integrals
in Eq. (1) and the following Eqs. (2) and (3) can be calculated using the trapezoidal rule of numerical integra-
tion (Scheid, 1988).
From Eq. (1), one can obtain ul1 and uh2. Thus, the eﬀective elastic properties E2 and m21 of doubly periodic
inclusion problems can be calculated using Eq. (17) presented in Section 4.
Similarly, the equilibrium relationship of the cell of doubly periodic inclusion medium subject to a remote
loading p along x1 direction is given as followsuh2
Z l
l
t2ð2ðaÞÞðx1; hÞdx1 þ ul1
Z l
l
t2ð2ðbÞÞðx1; hÞdx1 ¼ 0 ð2aÞ
uh2
Z h
h
t1ð2ðaÞÞðl; x2Þdx2 þ ul1
Z h
h
t1ð2ðbÞÞðl; x2Þdx2 ¼ 2hp ð2bÞOnce ul1 and uh2 are solved by Eq. (2), the eﬀective elastic properties E1 and m12 can be achieved using Eq. (19)
presented in Section 4.
As the loading case shown in Fig. 1(c) can be decomposed into two sub-problems as shown in Fig. 3(a) and
(b), the equilibrium relationship of the cell of doubly periodic medium subject to a remote shear loading p is
given as followsuh1
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Fig. 2. Sub-problems from the boundary value problem as shown in Fig. 1(b).
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Fig. 3. Sub-problems from the boundary value problem as shown in Fig. 1(c).
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x2 = h along x1 directions. t1(3(a)) and t1(3(b)) are the traction components on the boundary x2 = h along direc-
tion x1 produced respectively by sub-problems (3a) and (3b), t2(3(a)) and t2(3(b)) are the traction components on
the boundary x1 = l along direction x2 produced respectively by sub-problems (3a) and (3b).
Once ul2 and uh1 are available, the eﬀective shear modulus of doubly periodic inclusion problems can be
obtained using Eq. (22) presented in Section 4.
3. Basic formulations
3.1. Sub-domain boundary element method
For the matrix and the inclusion, one can write their respective boundary integral equations as follows
(Brebbia and Dominguez, 1992)cijðpÞuMj ðpÞ ¼
Z
C[Cc
UMij ðp; qÞtMj ðqÞdCðqÞ 
Z
C[Cc
TMij ðp; qÞuMj ðqÞdCðqÞ ð4ÞandcijðpÞuIjðpÞ ¼
Z
Cc
U Iijðp; qÞtIjðqÞdCðqÞ 
Z
Cc
T Iijðp; qÞuIjðqÞdCðqÞ ð5Þwhere cij(p) can be determined indirectly using rigid body displacement method. C and Cc are respectively the
outside and the inner boundaries of the matrix. The superscripts M and I denote respectively the matrix and
the inclusion. U aij and T
a
ij (a =M,I) are the fundamental solutions of 2-D elastic problems which are given as
followsU aij ¼
1
8pGað1 maÞ ð3 4m
aÞ ln 1
r
 
dij þ oroxi
or
oxj
 
ð6ÞandT aij ¼ 
1
4pð1 maÞr
or
on
ð1 2maÞdij þ 2 oroxi
or
oxj
 
 ð1 2maÞ or
oxj
ni  oroxi nj
  
ð7Þwhere Ga is the shear modulus and ma is Poisson’s ratio. dkl is the Kronecker delta. r;i ¼ orðp;qÞoxiðqÞ in which r is the
distance between the ﬁeld point q and the source point p. oron ¼ r;ini in which ni is the directional cosine of the
normal at the boundary point q with respect to xi.
Eqs. (4) and (5) are discretized using quadratic boundary elements in which discontinuous quadratic
boundary elements (see Fig. 4) are used near the corners of the inclusion–matrix interface. Considering the
boundary condition of the matrix, one can obtain the following matrix forms (Dong et al., 2003)B11 B12
B21 B22
 
X
UMc
 
¼ e1
e2
 
þ D1
D2
 
fTMc g ð8Þ
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Fig. 4. The inclusion–matrix interface and reference system.
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I
c ¼ HcUIc ð9Þwhere X is the unknown vector over the boundary C of the matrix. e1 and e2 are the known vectors of the
problem. Bij (i, j = 1,2), Di (i = 1,2), Gc and Hc are the associated coeﬃcient matrices. The superscripts M
and I represent respectively the matrix and the inclusion. Uc and Tc are respectively the displacement and trac-
tion vectors over the matrix–inclusion interface.
Based on the matrix–inclusion interface conditions for perfectly bonding, one can obtain the following sys-
tem of equationsB11 B12
B21 B22
" #
X
Uc
 
¼ e1
e2
 
ð10Þwhere B12 ¼ B12 þD1G1c Hc and B22 ¼ B22 þD2G1c Hc.
Once X is available, the eﬀective elastic properties of doubly periodic inclusion medium can be obtained
based on the methods from Sections 2 and 4.
3.2. Simple domain boundary element method
It is assumed that the Poisson’s ratios of the inclusions and the matrix are the same. Following the method
presented by Leite et al. (2003) and Dong and Lee (2005b), we can obtain the following boundary integral
equation formulations.
For the source point p outside of the matrix, we havecijðpÞujðpÞ ¼
Z
C
Uijðp; qÞtjðqÞdCðqÞ 
Z
C
T ijðp; qÞujðqÞdCðqÞ 
Z
Cc
1 G
I
G
 
T ijðp; qÞujðqÞdC ð11Þwhere cij(p) can be determined indirectly using rigid body displacement method. C and Cc are respectively the
outside and the inner boundaries of the matrix. The superscript I denote the inclusion. Uij and Tij are the fun-
damental solutions of 2-D elastic problems as shown in Eqs. (6) and (7).
When the source point p approaches the matrix–inclusion interface Cc, the following single-domain bound-
ary integral equation holds1þ G
I
G
 
cijðpÞujðpÞ ¼
Z
C
Uijðp; qÞtjðqÞdCðqÞ 
Z
C
T ijðp; qÞujðqÞdCðqÞ 
Z
Cc
1 G
I
G
 
T ijðp; qÞujðqÞdC
ð12Þwhere the kernels Uij and Tij have singularities of order ln(r) and r
1 respectively, which could be tackled by
means of classical methods (Brebbia and Dominguez, 1992).
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resulting system of equations from Eqs. (11) and (12)A11 A12
A21 A22
 
X
Uc
 
¼ f1
f2
 
ð13Þwhere A is the coeﬃcient matrix, X is the vector of the unknowns of the outer boundary of the cell, Uc is the
displacement vector on the matrix–inclusion interface, f1 and f2 are the associated known values.
Notice that the traction equilibrium over the matrix–inclusion interface has been automatically satisﬁed
using Eqs. (11) and (12). Therefore, compared with the sub-domain boundary integral equation approach
(see Section 3.1), the single-domain boundary integral equation method presented in this section gives gener-
ally more accurate numerical results. The reason is due to the fact that the inverse matrix of the related matrix
from the inclusion part must be calculated in the sub-domain boundary integral equation approach (Dong
et al., 2003), while the single-domain boundary integral equation approach directly gives the resulting system
of equations, i.e. Eq. (13). Furthermore, the single-domain boundary integral equation approach is especially
suitable to solve the problems containing irregular inclusion shapes. The reason is that the corner problems
encountered in the conventional boundary element methods have disappeared in this approach.4. Eﬀective elastic properties of the doubly periodic inclusion problems
Similar to doubly periodic hole problem (Chen and Lee, 2002) and doubly periodic crack and rigid-line-
inclusion problems (Dong and Lee, 2005a), a medium containing doubly periodic array of inclusions of var-
ious shapes considered in this paper can also be considered as a homogeneous orthotropic medium, the con-
stitutive relation of which is given as follows (Lekhnitskii, 1963)e11 ¼ 1E1 r11 
m21
E2
r22 ð14aÞ
e22 ¼ 1E2 r22 
m12
E1
r11 ð14bÞ
c12 ¼
1
G12
r12 ð14cÞIn order to obtain the eﬀective elastic properties E2 and c21, the remote loading can be assumed asr011 ¼ 0 ð15aÞ
r022 ¼ p ð15bÞ
r012 ¼ 0 ð15cÞFor the eﬀective homogeneous orthotropic medium, its stress and strain states are given as followsr11 ¼ 0 ð16aÞ
r22 ¼ p ð16bÞ
r12 ¼ 0 ð16cÞ
e11 ¼ ul1l ð16dÞ
e22 ¼ uh2h ð16eÞwhere the bar over the above given symbols denotes the average value in unit cell. ul and uh are obtained from
the single-domain or the sub-domain boundary integral equation approach based on the model as shown in
Fig. 2.
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m21 ¼  hul1luh2 ð17bÞSimilarly, when the remote loading is given as followsr011 ¼ p ð18aÞ
r022 ¼ 0 ð18bÞ
r012 ¼ 0 ð18cÞone can haveE1 ¼ plul1 ð19aÞ
m12 ¼  luh2hul1 ð19bÞTo ﬁnd the eﬀective shear modulus, the remote shear loading should be applied, i.e.r011 ¼ 0 ð20aÞ
r022 ¼ 0 ð20bÞ
r012 ¼ p ð20cÞFor the eﬀective homogeneous orthotropic medium, its stress and strain states corresponding to the remote
shear loading are given as followsr11 ¼ 0 ð21aÞ
r22 ¼ 0 ð21bÞ
r12 ¼ p ð21cÞ
e12 ¼ ul2h þ
uh1
l
ð21dÞSubstituting Eq. (21) to Eq. (14c), one can obtainG12 ¼ pul2
h þ uh1l
 	 ð22Þ
For various doubly periodic inclusion problems, the corresponding eﬀective elastic properties can be obtained
from Eqs. (17), (19), and (22) using the boundary element method based on the computation models presented
in Section 2.
5. Numerical examples
5.1. Doubly periodic circular holes
The doubly periodic circular holes in the matrix are considered as special doubly periodic circular inclu-
sions of zero elastic modulus in the matrix. The radius of each circular hole is assumed to be R as shown
in Fig. 5. The elastic modulus and Poisson’s ratio of the medium are taken as EM = 1 and mM = 0.3,
respectively.
This problem has been analyzed using the eigenfunction expansion variational method (Chen and Lee,
2002). In the present analysis, Poisson’s ratio of the hole is assumed as 0.3, whilst the elastic modulus of
the hole is taken as 0 and 1010 in the single-domain and the sub-domain boundary element methods, respec-
tively. The circular hole and each outside boundary are respectively discretized into 32 and 10 quadratic
R
x1
x2
2l
2h
Fig. 5. Rectangular cell of doubly periodic circular holes.
Table 1
Normalized eﬀective elastic modulus E1/E
M
h/l Methods R/c
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0.4 Present 0.9907 0.9635 0.9204 0.8636 0.7940 0.7114 0.6137 0.4964
C&L 0.9907 0.9634 0.9203 0.8634 0.7938 0.7111 0.6135 0.4967
1.0 Present 0.9770 0.9139 0.8244 0.7244 0.6168 0.5117 0.4069 0.3000
C&L 0.9770 0.9139 0.8244 0.7224 0.6168 0.5117 0.4069 0.3000
1.5 Present 0.9846 0.9422 0.8815 0.8118 0.7397 0.6683 0.5981 0.5287
C&L 0.9846 0.9422 0.8815 0.8118 0.7397 0.6683 0.5981 0.5286
C&L denotes Chen and Lee (2002), c = min(l,h).
Table 2
Normalized eﬀective elastic modulus E2/E
M
h/l Methods R/c
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0.4 Present 0.9908 0.9653 0.9288 0.8869 0.8435 0.8006 0.7583 0.7161
C&L 0.9908 0.9653 0.9288 0.8868 0.8433 0.8002 0.7579 0.7160
1.0 Present 0.9770 0.9139 0.8244 0.7244 0.6168 0.5117 0.4069 0.3000
C&L 0.9770 0.9139 0.8244 0.7224 0.6168 0.5117 0.4069 0.3000
1.5 Present 0.9845 0.9405 0.8737 0.7911 0.6977 0.5965 0.4887 0.3729
C&L 0.9845 0.9404 0.8737 0.7911 0.6976 0.5965 0.4886 0.3730
C&L denotes Chen and Lee (2002), c = min(l,h).
Table 3
Normalized eﬀective shear modulus G12/G
M
h/l Methods R/c
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0.4 Present 0.9903 0.9603 0.9080 0.8304 0.7251 0.5920 0.4357 0.2668
C&L 0.9903 0.9603 0.9081 0.8309 0.7262 0.5945 0.4411 0.2800
1.0 Present 0.9759 0.9050 0.7916 0.6455 0.4826 0.3237 0.1884 0.0887
C&L 0.9759 0.9049 0.7916 0.6454 0.4826 0.3237 0.1883 0.0886
1.5 Present 0.9839 0.9355 0.8552 0.7451 0.6107 0.4620 0.3125 0.1765
C&L 0.9839 0.9355 0.8552 0.7451 0.6107 0.4622 0.3129 0.1777
C&L denotes Chen and Lee (2002), c = min(l,h).
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Table 4
Eﬀective Poisson’ ratio
h/l Poisson’s ratio R/c
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0.4 m12 0.3002 0.3001 0.2974 0.2898 0.2754 0.2532 0.2227 0.1832
m21 0.3003 0.3007 0.3001 0.2976 0.2926 0.2850 0.2753 0.2643
1.0 m12 0.3006 0.3010 0.2975 0.2867 0.2665 0.2365 0.1974 0.1506
m21 0.3006 0.3010 0.2975 0.2867 0.2665 0.2365 0.1974 0.1506
1.5 m12 0.3005 0.3011 0.3001 0.2957 0.2868 0.2734 0.2561 0.2356
m21 0.3004 0.3005 0.2974 0.2881 0.2705 0.2441 0.2092 0.1662
c = min(l,h).
x1
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2h
a
a
-1 0 1
-1 0 1
λ
λ
Fig. 6. Rectangular cell of doubly periodic square inclusions and reference system.
Fig. 7. Eﬀective elastic modulus E1 of doubly periodic square inclusions (SBEM – single domain boundary element method; MBEM –
sub-domain boundary element method. SBEM and MBEM in the following ﬁgures contain the same meaning).
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Fig. 8. Eﬀective elastic modulus E2 of doubly periodic square inclusions.
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Fig. 9. Eﬀective shear elastic modulus G12 of doubly periodic square inclusions.
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are obtained using the single-domain and the sub-domain boundary element methods and shown in
Tables 1–3 in which results from Chen and Lee (2002) are also listed. One can ﬁnd that the results from the
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Fig. 10. Eﬀective Poisson’s ratio m12 of doubly periodic square inclusions.
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Fig. 11. Eﬀective Poisson’s ratio m21 of doubly periodic square inclusions.
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and Lee (2002). The relationship of E1m21/(E2m12) = 1 is well approximated using the obtained data as shown
in Tables 1, 2 and 4. This relationship was also obtained by Chen and Lee (2002). Note that the results from
the single-domain boundary element method (SBEM) are the same as those from the sub-domain boundary ele-
ment method (MBEM) up to four decimal places, except for h/l = 0.4 and R/c = 0.2, E1/E
M = 0.9636 (SBEM)
and 0.9635 (MBEM), and for h/l = 1.5 and R/c = 0.8, m21 = 0.1661 (SBEM) and 0.1662 (MBEM).
Fig. 12. Eﬀective elastic modulus E1 of doubly periodic hexagonal inclusions.
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Fig. 13. Eﬀective elastic modulus E2 of doubly periodic hexagonal inclusions.
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Geometric data of the cell of a doubly periodic square inclusions is taken as h/l = 0.8, and the side length a
of square inclusions can be varied. The elastic modulus and the Poisson’s ratio of the matrix are denoted as
EM = 1 and mM = 0.3. The elastic modulus and the Poisson’s ratio of the inclusion are taken as EI and
mI = mM = 0.3, respectively.
Each boundary of the rectangular cell and each side of the square inclusion is meshed into 10 quadratic
boundary elements. Discontinuous quadratic boundary elements (k = 0.95, see Fig. 6) are used near the
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Fig. 14. Eﬀective shear modulus G12 of doubly periodic hexagonal inclusions.
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Fig. 15. Eﬀective Poisson’s ratio m12 of doubly periodic hexagonal inclusions.
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Eﬀective elastic properties of the medium for various square inclusions are shown in Figs. 7–11. One can
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Fig. 16. Eﬀective Poisson’s ratio m21 of doubly periodic hexagonal inclusions.
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ment method are in good agreement with each other.
5.3. Doubly periodic regular hexagonal inclusions
Geometric data of a typical cell of doubly periodic regular hexagonal inclusions is taken as h/l = 0.4, and
the side length a of the hexagonal inclusion can be varied. The elastic modulus and the Poisson’s ratio of the
matrix are denote as EM = 1 and mM = 0.3. The elastic modulus and the Poisson’s ratio of the inclusion are
taken as EI and mI = mM = 0.3, respectively.
Each boundary of the rectangular cell and each side of the hexagonal inclusion is meshed into 10 quadratic
boundary elements. Discretized into 10 quadratic boundary elements in which the discontinuous quadratic
boundary elements (k = 0.95, see Fig. 4) are used near the corners of regular hexagonal inclusion in the numer-
ical implementation of the sub-domain boundary element method. Eﬀective elastic properties of the medium
for various regular hexagonal inclusions are shown in Figs. 12–16. Similar to the last example, one can observea
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Fig. 17. A cell of doubly periodic irregular inclusions.
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Fig. 18. Eﬀective elastic modulus E1 of doubly periodic irregular inclusions.
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Fig. 19. Eﬀective elastic modulus E2 of doubly periodic irregular inclusions.
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method are also in good agreement with each other.
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Fig. 20. Eﬀective shear modulus G12 of doubly periodic irregular inclusions.
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Fig. 21. Eﬀective Poisson’s ratio m12 of doubly periodic irregular inclusions.
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Geometric data of a typical cell of doubly periodic irregular inclusions as shown in Fig. 17 is taken as
h/l = 0.4, and the length a of irregular inclusion is changed. The elastic modulus and the Poisson’s ratio of
the matrix are denoted as EM = 1 and mM = 0.3. The elastic modulus and the Poisson’s ratio of the inclusion
are taken as EI and mI = mM = 0.3, respectively.
Each boundary of the rectangular cell and each side of the inclusion is meshed into 10 quadratic boundary
elements. Discontinuous quadratic boundary elements are used near the corners of the inclusion in the numer-
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Fig. 22. Eﬀective Poisson’s ratio m21 of doubly periodic irregular inclusions.
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for the inclusion with diﬀerent lengths a are shown in Figs. 18–22. Similar to the previous examples, one can
observe that the results from the sub-domain boundary element method and the single domain boundary ele-
ment method are also in good agreement with each other.
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Fig. 24. Eﬀective elastic modulus E2 of doubly periodic irregular inclusions for various m
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Fig. 25. Eﬀective shear modulus G12 of doubly periodic irregular inclusions for various m
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7936 C.Y. Dong / International Journal of Solids and Structures 43 (2006) 7919–7938For the Poisson’s ratio of the inclusion being diﬀerent from that of the matrix, some results for a/h = 1,
EI/EM = 0.5, EI/EM = 1.5, EI/EM = 10 and EI/EM = 100 are shown in Figs. 23–27, respectively. These results
are obtained using the sub-domain boundary element method. One can ﬁnd that the eﬀect of Poisson’s ratio
on the eﬀective elastic moduli E1 and E2 can be ignored, but the eﬀect of Poisson’s ratio on the eﬀective elastic
shear modulus G12 and the eﬀective Poisson’s ratios m12 and m21 is quite signiﬁcant. However, with the increase
of the inclusion elastic modulus, the eﬀect of Poisson’s ratio on eﬀective elastic properties becomes less and
0.27
0.275
0.28
0.285
0.29
0.295
0.3
0.305
0.31
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
νI
ν 1
2
EI/EM = 0.5
EI/EM = 1.5
EI/EM = 10
EI/EM = 100
Fig. 26. Eﬀective Poisson’s ratio m12 of doubly periodic irregular inclusions for various m
I.
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Fig. 27. Eﬀective Poisson’s ratio m21 of doubly periodic irregular inclusions for various m
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problems having diﬀerent Poisson’s ratios for the inclusion and the matrix. Note that for mI = mM = 0.3, similar
to the previous examples, the results from the single-domain boundary element method are the same as those
from the sub-domain boundary element method for four decimal places.
7938 C.Y. Dong / International Journal of Solids and Structures 43 (2006) 7919–79386. Conclusions
By means of the sub-domain and the single domain boundary element methods, the eﬀective elastic prop-
erties of doubly periodic array of various inclusion problems have been obtained. For doubly periodic circular
hole problems, the present results are in excellent agreement with the results available, whilst for the other
inclusion problems, the results from the sub-domain and the single domain boundary element methods are
in good agreement with each other. For harder inclusion problems with diﬀerent Poisson’s ratios for the inclu-
sion and the matrix, the single domain boundary element method can produce promising results compared
with the sub-domain boundary element method. The numerical results presented in the paper can be consid-
ered as benchmark results for future research. It should be noted that the present method cannot be readily
applied to media having circular or curved boundary parts due to the complex boundary conditions involved.
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